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Abstract
We study the anisotropic Bianchi type-I cosmological model at late times, taking into account
quantum gravitational corrections in the formalism of the exact renormalization group flow of the
effective average action for gravity. The cosmological evolution equations are derived by including
the scale dependence of Newton’s constant G and cosmological constant Λ. We have considered
the solutions of the flow equations for G and Λ at next to leading order in the infrared cutoff scale.
Using these scale dependent G and Λ in Einstein equations for the Bianchi-I model, we obtain
the scale factors in different directions. It is shown that the scale factors eventually evolve into
FLRW universe for known matter like radiation. However, for dust and stiff matter we find that
the universe need not evolve to the FLRW cosmology in general, but can also show Kasner type
behaviour.
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I. INTRODUCTION
General relativity is extremely successful as the theory of low energy, long distance grav-
itational interactions. The detection of gravitational waves from colliding black holes and
neutron stars is in agreement with general relativistic predictions at an extraordinary level
of instrumental precision, as are observations of the dynamics of binary pulsars, transfer of
time measurements to atomic clocks in satellites of the Global Positioning System (GPS),
and many other observations in the solar system as well as of astronomical objects (for
a review of tests of general relativity and the agreement between theory and experiment,
see [1, 2]). There are many formal similarities between general relativity and non-Abelian
gauge theories, starting from the fact that both are field theories based on local symmetries
(see e.g. [3–8])Unlike non-Abelian gauge theories however, no consistent quantization of gen-
eral relativity is known. The gravitational coupling is the dimensionful Newton’s constant
GN ∼ 1M2P , while for gauge theories the coupling constants are dimensionless. So at each
loop order in perturbative quantum gravity, the ultraviolet divergence is worse than in gauge
theories by two powers of loop momentum. As a result, the number of distinct counterterms
required to renormalize quantum gravity can be expected to be infinite, whereas the number
of counterterms for a perturbatively renormalizable quantum gauge theory is finite.
The failure of perturbative methods to consistently quantize gravity does not however
mean that a quantum theory of gravity cannot exist. It is possible for example that nonper-
turbative approaches such as loop quantum gravity [9, 10] may lead to a consistent quantum
theory, or that by embedding gravity in a bigger theory such as supergravity [11, 12] or string
theory [13–15] it may be possible to find a consistent quantum description of gravitation in
four spacetime dimensions. Another possibility is that general relativity cannot be quan-
tized but emerges as an effective field theory at low energies, thus including all possible
diffeomorphism-invariant local functions of the metric which are not ruled out by other
symmetries [16–18].
Yet another approach is to assume that the quantum theory which describes gravity
in four dimensions is an “asymptotically safe” theory, i.e. the essential couplings of the
theory hit a fixed point as the scale at which they are calculated is taken to infinity [19].
What this means is the following. Among all the couplings of the theory there are some
“inessential couplings” Z for which
∂L
∂Z
is either zero or a total derivative when the field
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equations are satisfied. An example is the wave function renormalization constant, which
can be eliminated by redefining the fields. The remaining coupling constants are the essential
couplings, which will flow with an external parameter k which has the dimensions of mass.
The meaning of this k depends on physics of the problem – it can be the momentum transfer
in a scattering problem, or the inverse of some length scale specific to the problem. If the
essential couplings gi are dimensionful, we make them dimensionless by multiplying with
suitable powers of k. Then the k-dependence of the essential couplings gi are characterized
by the βi(g) = k
dgi
dk
, called the β-functions. In general the β-function for any of the
gi will depend on all of the essential couplings. The β-functions of any theory describe
a trajectory on the space of coupling constants. If a theory has a fixed point g∗ in the
space of all the gi , the beta functions must vanish at that point, and also the trajectory
for the theory must hit the point g∗ . The trajectories which hit the fixed point form a
hypersurface called the “critical surface”, and asymptotically safe theories are defined to be
those for which the couplings lie on the critical surface of a fixed point. Many non-Abelian
gauge theories have ultraviolet fixed points where the gauge coupling vanishes, making the
theory asymptotically free [20, 21]. For gravity, several calculations based on truncated
Exact Renormalization Group Equations (ERGE) support the conjecture that there is an
interacting fixed point in the ultraviolet [22–30]. Support for the conjecture also comes from
calculations for gravity with matter or a cosmological constant [31–37]. Then there is an
asymptotically safe quantum theory of gravity – however, the truncation implies that the
effective low energy theory is scale-dependent. One way to include this scale-dependence
is to write Einstein’s equation in terms of a “running” Newton’s constant and a “running”
cosmological constant which are both dependent on the energy scale of the problem. In the
context of cosmology, this scale may be taken to be a function only of the cosmological time,
so the running constants become time-dependent.
The Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) model of cosmology was studied
in [41] using this “RG-improved” Einstein’s equation, leading to coupled ordinary differential
equations for the scale factor a(t) , the density ρ(t) , Newton’s constant G(t) , cosmological
constant Λ(t) , and a “cutoff function” R(0) which suppresses modes with momenta below
the cutoff k inside loops. In this paper we investigate Bianchi I models of cosmology using
RG-improved Einstein’s equation, to check if this scheme introduces additional conditions
under which the Bianchi I anisotropic cosmology approaches the FLRW universe. We have
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looked at the late time behaviour of the Bianchi-I universe for three different kinds of matter,
namely, dust, radiation, and stiff matter. From the consistency conditions obtained from the
renormalization group improved Einstein equations, we have found that in case of radiation,
the Bianchi-I cosmological solution flows to FLRW universe at late times. However, for dust
and stiff matter, the Bianchi-I universe does not necessarily flow to the FLRW universe.
Further, in the case of stiff matter, we can have a Kasner type solution with some directions
expanding and others contracting. This feature is not present in the radiation and dust
scenarios.
The organization of this paper is as follows. In Sec. II we briefly review how the effective
average action for gravity leads to the flow equations for the scale-dependent Newton’s
constant G(k) and the cosmological constant Λ(k) . In Sec. III we use these to write the
RG improved Einstein’s equation for the scale factors. We conclude with a discussion of our
results.
II. FLOW OF G AND Λ
In this section we briefly review the effective average action formalism for Euclidean
quantum gravity in d dimensions developed in [22]. The analysis is based on an (Euclidean)
“effective average action” Γk[gµν ] defined such that it correctly describes all gravitational
phenomena, including the effect of all loops, at a momentum scale k . Even though the
quantum effective action contains all the information about the quantum theory, it turns
out that it is more convenient to work with an alternative functional called the effective
average action [22, 38, 39], which is calculated like the effective action but with an infrared
cutoff at the scale k . Modes with p2 < k2 are excluded while those with p2 > k2 are
integrated out in the usual way. The classical action S corresponds to ignoring all quantum
modes, while the usual effective action Γ corresponds to removing the IR cutoff, so Γk
interpolates between S = Γk→∞ and Γ = Γk=0 . Then as a function of k this Γk describes a
trajectory which satisfies a renormalization group flow equation.
The infinite dimensional space of all action functionals is then projected on the 2-
dimensional subspace spanned by the functions
√
g and
√
gR to obtain solutions to the
RG equation. This implies that in the background metric formalism, we need to consider
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effective actions only of the form
Γk[g, g¯] = (16piG(k))
−1
∫
ddx
√
g {−R(g) + 2Λ(k)}+ Sgf [g, g¯] , (2.1)
where g¯µν is a background metric and Sgf [g, g¯] is a classical background gauge fixing term.
The flow equation then reads
∂tΓk[g, g¯] =
1
2
Tr
[(
κ−2Γ2k[g, g¯] +Rgravk [g¯]
)−1
∂tRgravk [g¯]
]
− Tr
[(
−M [g, g¯] +Rghk [g¯]
)−1
∂tRghk [g¯]
]
, (2.2)
where we have defined t ≡ ln k and written Γ(2)k [g, g¯] for the Hessian of Γk[g, g¯] with respect
to gµν . Here M is the Faddeev-Popov ghost operator, Rgravk [g¯] and Rghk [g¯] are the IR cutoff
functions for gravity and the ghost operator, respectively.
We will take both of these to be of the form Rk(p2) ∝ k2R(0) (p2/k2) where the function
R(0)(z) is smooth and satisfies the conditions R(0)(0) = 1 and R(0)(z) → 0 for z →∞ , but
is otherwise arbitrary. In the calculation for Γk , the p
2 is replaced by the kinetic operator
for gravitons or ghosts. Following [22, 40, 41] we will take R(0)(z) to be of the form
R(0)(z) = z [exp(z)− 1]−1 . (2.3)
Inserting Eq. (2.1) into the flow equation Eq. (2.2) gives a coupled system of equations for
g(k) ≡ kd−2G(k) and λ(k) ≡ Λ(k)/k2 ,
k∂kg = (d− 2 + ηN )g , (2.4)
k∂kλ = −(2− ηN)λ+ 1
2
g(4pi)(1−d/2)
[
2d(d+ 1)Φ1d/2(−2λ)− 8dΦ1d/2(0)
−d(d+ 1)ηN Φ˜1d/2(−2λ)
]
. (2.5)
We can think of these as individual flow equations for g and λ , with
ηN(g, λ) =
gB1(λ)
1− gB2(λ) (2.6)
being the anomalous dimension of the operator
√
gR , where the functions B1(λ) and B2(λ)
are given by
B1(λ) ≡ 1
3
(4pi)(1−d/2)
[
d(d+ 1)Φ1
d/2−1
(−2λ)− 6d(d− 1)Φ2d/2(−2λ)
−4dΦ1d/2−1(0)− 24Φ2d/2(0)
]
, (2.7)
B2(λ) ≡ −1
6
(4pi)(1−d/2)
[
d(d+ 1)Φ˜1d/2−1(−2λ)− 6d(d− 1)Φ˜2d/2(−2λ)
]
. (2.8)
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The functions Φpn(w) and Φ˜
p
n(w) appearing in these expressions are given by
Φpn(w) =
1
Γ(n)
∫ ∞
0
dzzn−1
R(0)(z)− zR(0)′
[z +R(0)(z) + w]
p , (2.9)
Φ˜pn(w) =
1
Γ(n)
∫ ∞
0
dzzn−1
R(0)(z)
[z +R(0)(z) + w]
p . (2.10)
The discussion reviewed till now is valid for any dimension d. In the rest of this paper, we
shall work in d = 4. In that case the flow equations Eq. (2.18) and Eq. (2.5) take the form
k∂kg = (2 + ηN)g (2.11)
k∂kλ = −(2 − ηN )λ+ g
2pi
[
10Φ12(−2λ)− 8Φ12(0)− 5ηN Φ˜12(−2λ)
]
. (2.12)
Recasting the above equations in terms of G(k), Λ(k), we finally get
k∂kG(k) = ηNG(k) (2.13)
k∂kΛ(k) = ηNΛ(k) +
1
2pi
k4G(k)
[
10Φ12(−2Λ(k)/k2)− 8Φ12(0)− 5ηN Φ˜12(−2Λ(k)/k2)
]
(2.14)
where the functions of the cosmological constant in d = 4 dimensions are
B1(Λ/k
2) ≡ − 1
3pi
[
18Φ22(−2Λ/k2)− 5Φ11(−2Λ/k2) + 4Φ11(0) + 6Φ22(0)
]
, (2.15)
B2(Λ/k
2) ≡ 1
6pi
[
18Φ˜22(−2Λ/k2)− 5Φ˜11(−2Λ/k2)
]
. (2.16)
Using the expressions for B1 and B2 we can expand the anomalous dimension of the operator
√
gR for d = 4 in powers of k2 ,
ηN = k
2G(k)B1(Λ(k)/k
2)
[
1 + k2G(k)B2(Λ(k)/k
2) + k4G2(k)B22(Λ(k)/k
2) + · · · ] . (2.17)
The above equations of G and Λ cannot be solved exactly. However, since we are interested
in the k → 0 limit, hence it is sufficient to write G and Λ as power series in k ,
G(k) = G0
[
1− ωG0k2 + ω1G20k4 +O(G30k6)
]
(2.18)
Λ(k) = Λ0 +G0k
4
[
ν + ν1G0k
2 +O(G20k4)
]
. (2.19)
These are the “quantum corrected” G and Λ, where the constants ω, ν, ω1 and ν1 can be
calculated by inserting the power series expansions of G(k) and Λ(k) into Eq. (2.13) and
6
Eq. (2.14) ,
ω = −1
2
B1(0) =
1
6pi
[
24Φ22(0)− Φ11(0)
]
=
4
pi
(
1− pi
2
144
)
, (2.20)
ν =
1
4pi
Φ12(0) , (2.21)
ω1 =
(
ω2 − B2(0)
2
ω − 13ν
6pi
)
=
(
ω2 − ω
3pi
− 13ν
6pi
)
, (2.22)
ν1 =
(
−ων + 5ω
6pi
Φ˜12(0) +
5ν
3pi
Φ22(0)
)
=
(
−ων + 5ω
6pi
+
5ν
3pi
)
, (2.23)
with B2(0) =
2
3pi
, Φ˜22(0) = 1 and Φ
2
2(0) = 1 . Note that G0 and Λ0 are the values of G(k)
and Λ(k) for k = 0.
III. BIANCHI I UNIVERSE WITH RUNNING G AND Λ
We are interested in the anisotropic cosmology described by Bianchi I metric
ds2 = −dt2 + a2(t)dx2 + b2(t)dy2 + c2(t)dz2 . (3.1)
For time varying G and Λ this cosmological model has been studied in the presence of a
perfect fluid [42–45]. Time variation of G and Λ have also been considered in flat FLRW
cosmological models [46].
The energy-momentum tensor of a perfect fluid represents the cosmic matter. This is of
the form
Tµν = (p+ ρ)vµvν + pgµν (3.2)
where p is the pressure, ρ is the energy density and vµ is the four velocity of the fluid which
satisfies the relation vµvµ = −1. For cosmology we will need to consider a scale defined by
the cosmological time t, so we first write Einstein’s field equations of general relativity with
time-varying Newton’s gravitational constant G and cosmological constant Λ
Rµν − 1
2
Rgµν = −8piG(t)Tµν + Λ(t)gµν . (3.3)
Here G(t) and Λ(t) are related to the scale dependent G(k) and Λ(k) and take into account
the leading quantum corrections coming from the renormalization group flow.
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For the metric Eq. (3.1) together with the energy-momentum tensor Eq. (3.2), we obtain
the usual equations for the scale factors
− b¨
b
− c¨
c
− b˙c˙
bc
= 8piGp− Λ (3.4)
− a¨
a
− c¨
c
− a˙c˙
ac
= 8piGp− Λ (3.5)
− a¨
a
− b¨
b
− a˙b˙
ab
= 8piGp− Λ (3.6)
a˙b˙
ab
+
b˙c˙
bc
+
a˙c˙
ac
= 8piGρ+ Λ . (3.7)
Further, the covariant conservation of the energy-momentum tensor yields
ρ˙+ (p+ ρ)
(
a˙
a
+
b˙
b
+
c˙
c
)
= 0 . (3.8)
Now since the Einstein tensor is covariantly conserved, the right hand side of Eq. (3.3) must
also be covariantly conserved. This leads to the consistency equation
8piρG˙ + Λ˙ = 0 , (3.9)
where the dot denotes time derivative.
Two of the equations for scale factors can be combined to produce
d
dt
[
ln
(
a˙
a
− b˙
b
)]
+
(
a˙
a
+
b˙
b
+
c˙
c
)
= 0 , (3.10)
integrating which we get
a˙
a
− b˙
b
=
k1
R3(t) , (3.11)
where k1 is a constant of integration and R3(t) = abc . A similar calculation using the other
pairs yields
b˙
b
− c˙
c
=
k2
R3(t) (3.12)
c˙
c
− a˙
a
=
k3
R3(t) (3.13)
where k2 and k3 are integration constants, satisfying k1 + k2 + k3 = 0 . Let us rename for
convenience the integration constants as l, lβ and −l(1+β). Integrating these equations we
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get
a(t) = m1R(t) exp
[
l(2 + β)
3
∫
dt
R3(t)
]
(3.14)
b(t) = m2R(t) exp
[
l(β − 1)
3
∫
dt
R3(t)
]
(3.15)
c(t) = m3R(t) exp
[
− l(1 + 2β)
3
∫
dt
R3(t)
]
, (3.16)
where m1, m2, m3 are arbitrary constants of integration satisfying m1m2m3 = 1 .
In this setup, we wish to consider the late time effect of quantum gravity. Let us use the
long distance perturbative series expansion of G(k) and Λ(k) of Eq. (2.18) and Eq. (2.5),
suitably converted to a time-varying form. The identification of the infrared cutoff for
momentum scale k involves expressing k in terms of all scales that are relevant to the
problem under consideration. In the case of the FLRW universe, homogeneity and isotropy
of spacetime imply that k is a function of the cosmological time only. Hence the constants
G and Λ take the form
G(t) ≡ G(k = k(t)), Λ(t) ≡ Λ(k = k(t)) . (3.17)
For the anisotropic Bianchi type-I spacetime, we still have homogeneity so that all scale fac-
tors are functions of cosmological time only. Let us then consider the theory at a momentum
scale set by the cosmological time, k ≡ k(t) in this case also.
The simplest such behaviour at late times is
k =
∑
n
ξn
tn
, (3.18)
which is to say that the theory is cut off at a wavelength determined by how far signals can
have traveled during the lifetime of the universe, disregarding the expansion of the universe.
We could include some effect of expansion by choosing k ∝ R(t)−1 , if it were not for the
fact that in the FLRW case the equations have no consistent solution with this choice. For
exotic matter there is a consistent solution for the choice of k ∝ R(t)−1 , but not for dust,
radiation or stiff matter. We also note that a choice of different cutoff scales in different
directions does not seem possible to implement in the effective action.
For our analysis, we will keep terms up to n = 3 in Eq. (3.18) because we are interested
in the behaviour of G and Λ up to O
(
t4Pl
t4
)
, so we will employ the cutoff
k =
ξ
t
+
σ
t2
+
δ
t3
. (3.19)
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Inserting this expression for k into the series for G(k) and Λ(k) , we obtain the time depen-
dent Newton’s gravitational constant and cosmological constant in the perturbative or low
energy regime,
G(t) = G0
[
1− ω˜G0
t2
(
1 +
2σ˜
t
+
2δ˜
t2
+
σ˜2
t2
)
+
ω˜1G
2
0
t4
+O
(
t6P l
t6
)]
, (3.20)
Λ(t) = Λ0 +
G0
t4
[
ν˜
(
1 +
4σ˜
t
+
4δ˜
t2
+
6σ˜2
t2
)
+
ν˜1G0
t2
+O
(
t4P l
t4
)]
, (3.21)
where we have defined ω˜ ≡ ωξ2, ω˜1 ≡ ω1ξ4, ν˜ ≡ νξ4, ν˜1 ≡ ν1ξ6, σ˜ ≡ σξ and δ˜ ≡ δξ for
convenience.
To proceed further, we now assume the equation of state relating the pressure p and the
energy density ρ to be
p(t) = Ωρ(t) , (3.22)
where Ω is a constant. We next substitute the equation of state into the energy-momentum
conservation law Eq. (3.8) and integrate it. This gives
ρ [R(t)]3(1+Ω) = M
8pi
, (3.23)
whereM is an integration constant. On the other hand, using Eq. (3.9) we can express the
energy density ρ(t) in the form
ρ = − 1
8pi
Λ˙
G˙
. (3.24)
Combining Eq. (3.23) and Eq. (3.24), we obtain
R(t) =
[
−MG˙
Λ˙
] 1
3+3Ω
. (3.25)
The time derivatives of G(t) and Λ(t) can be calculated from their expressions above and
using them in the expressions for the energy density ρ and the average scale factor R, we
find
ρ(t) =
1
4pi
(
ν˜
ω˜
)
1
G0t2
{
1 +
2σ˜
t
+
2δ˜
t2
+
σ˜2
t2
+
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
t2
+O
(
G20
t4
)}
, (3.26)
R(t) =
[MG0
2
(
ω˜
ν˜
)] 1
(3+3Ω)
t
2
(3+3Ω)
{
1− 1
(3 + 3Ω)
(
2σ˜
t
+
2δ˜
t2
− (3Ω + 5)
(3 + 3Ω)
σ˜2
t2
+
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
t2
)
+O
(
G20
t4
)}
. (3.27)
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We now discuss three cases of cosmic matter separately: i) dust, for which Ω = 0 ; ii)
radiation, Ω = 1
3
; and iii) stiff fluid, Ω = 1 . The first two cases have something in common,
as we will see now. For Ω 6= 1 and defining α = [MG0
2
(
ω˜
ν˜
)]− 1
1+Ω , we can integrate the
expressions for the scale factors to find
a(t) = m1R(t) exp
[
l(2 + β)α
3
N (t)
]
,
b(t) = m2R(t) exp
[
l(β − 1)α
3
N (t)
]
,
c(t) = m3R(t) exp
[
− l(1 + 2β)α
3
N (t)
]
, (3.28)
where we have written
N (t) =
∫
dt
R3(t)
=
(Ω + 1)
(Ω− 1)t
(Ω−1)
(Ω+1) − σ˜t− 2(Ω+1) − 1
(Ω + 3)
(
2δ˜ − (Ω− 1)σ˜
2
(Ω + 1)
+
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
)
t
−
(Ω+3)
(Ω+1) ,
(3.29)
and we have neglected higher order terms. From these equations for the scale factors, we
can compute the directional Hubble parameters,
a˙
a
= H(t) + l(2+β)α
3
H1(t) ,
b˙
b
= H(t) + l(β−1)α
3
H1(t) ,
c˙
c
= H(t)− l(1+2β)α
3
H1(t) . (3.30)
Here the “average Hubble parameter” H(t) includes isotropic quantum corrections,
H(t) =
R˙
R =
2
(3 + 3Ω)
1
t
[
1 +
σ˜
t
+
(
2δ˜ − σ˜2 +
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
)
1
t2
+O
(
t3P l
t3
)]
, (3.31)
while the effects of anisotropy are included in the coefficients of H1(t) , which also includes
quantum corrections,
H1(t) = t
− 2
1+Ω +
2σ˜
(1 + Ω)
t−
(Ω+3)
(1+Ω) +
1
(Ω + 1)
(
2δ˜ − (Ω− 1)σ˜
2
(Ω + 1)
+
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
)
t−
2(2+Ω)
1+Ω .
(3.32)
We now run a consistency check on the solutions for the scale factors, by putting these
solutions into Eq. (3.7). Keeping up to O ( tPl
t
)4
, we find
3
(
R˙
R
)2
− α2l2(β2+β+1)
3
t−
4
1+Ω
{
1 + 4σ˜
(1+Ω)
1
t
+ 2
(1+Ω)
(
2δ˜ + (3−Ω)
(1+Ω)
σ˜2 +
(
2ω˜1
ω˜
+ 3ν˜1
2ν˜
)
G0
)
1
t2
}
= Λ0 + 2(
ν˜
ω˜
) 1
t2
+ 4( ν˜
ω˜
) σ˜
t3
− ν˜ G0
t4
+ 2( ν˜
ω˜
)
(
2δ˜ + σ˜2 +
(
2ω˜1
ω˜
+ 3ν˜1
2ν˜
)
G0
)
1
t4
. (3.33)
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The above equation is the consistency relation which the scale factor must satisfy for all
Ω 6= 1 . Let us now see the consequences of the above relation for Ω = 0 (dust) and Ω = 1
3
(radiation) .
A. Ω = 0
Comparing the coefficients of different powers of t on both sides of Eq. (3.33) we get the
following consistency conditions
Λ0 = 0 , (3.34)
ω˜
ν˜
=
3
2
, (3.35)
4
3
[
4δ˜ − σ˜2 + 2
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
]
− l
2(β2 + β + 1)α2
3
= −ν˜G0+
2
(
ν˜
ω˜
)[
2δ˜ + σ˜2 +
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
]
, (3.36)
with α =
[
MG0
2
(
ω˜
ν˜
)]−1
for Ω = 0.
Combining Eq. (3.35) and Eq. (3.36), we get a consistency condition valid up to O ( 1
t4
)
in our calculations,
8
3
σ˜2 − 8
3
δ˜ = ν˜G0 +
4G0
3
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
− l
2α2 (β2 + β + 1)
3
. (3.37)
Note that if we had not included the O ( 1
t4
)
terms in Eq. (3.33), we would have obtained
conditions corresponding to FLRW cosmology, which were found in [41]. If we keep terms
up to O ( 1
t4
)
and compare coefficients, we can immediately conclude that for l = 0 we will
regain the FLRW universe. Thus we see that for Ω = 0, the anisotropic Bianchi-I cosmology
does not necessarily flow to the FLRW solution when quantum corrections are included.
B. Ω = 13
In this case, by comparing inverse powers of t in the consistency condition Eq. (3.33), we
again find Λ0 = 0 , and
ω˜
ν˜
=
8
3
, (3.38)
4
(
ν˜
ω˜
)
σ˜ =
3
2
σ˜ − l
2α2 (β2 + β + 1)
3
, (3.39)
12
from which it immediately follows that
l2α2
(
β2 + β + 1
)
= 0 . (3.40)
If l 6= 0, we must have β2 + β + 1 = 0 . This implies that the two roots of β are complex.
Since the scale factors must be real, it follows that l = 0 . Then from the terms of order t−4
in Eq. (3.33) we get the condition
3
2
(
σ˜2 − δ˜
)
= ν˜G0 +
3
4
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0 . (3.41)
Hence we see that all the directional Hubble parameters must be equal, i.e. the universe
must be FLRW, in the presence of radiation. It is also not difficult to see that for 0 <
Ω < 1 Eq. (3.40) will always appear as a consistency condition, so l = 0 and the universe
becomes FLRW at late times. Thus we can conclude from the above analysis that the scale
factors of anisotropic Bianchi type-I metric flow to the isotropic FLRW cosmology due to
renormalization group flow of the Newton’s gravitational constant G(t) and the cosmological
constant Λ(t), for all 0 < Ω < 1 .
C. Ω = 1
The case of Ω = 1, which corresponds to stiff matter, is somewhat different. First we
write down the expression for the average of the scale factorR by setting Ω = 1 in Eq. (3.27).
This produces
R(t) =
[MG0
2
(
ω˜
ν˜
)] 1
6
t
1
3
{
1− 1
6
(
2σ˜
t
+
2δ˜
t2
− 4
3
σ˜2
t2
+
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
t2
)
+O
(
t3P l
t3
)}
.
(3.42)
The solutions for the scale factors for stiff matter are then
a(t) = m1R(t) t
l(2+β)α
3 exp
[
− l(2 + β)α
3
Q(t)
]
b(t) = m2R(t) t
l(β−1)α
3 exp
[
− l(β − 1)α
3
Q(t)
]
c(t) = m3R(t) t−
l(1+2β)α
3 exp
[
l(1 + 2β)α
3
Q(t)
]
, (3.43)
where we now have α =
[
MG0
2
(
ω˜
ν˜
)]− 1
2 for Ω = 1 and
Q(t) = σ˜t−1 + 1
4
(
2δ˜ +
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
)
t−2 . (3.44)
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The directional Hubble parameters are now computed up to O (( tPl
t
)3
)
,
a˙
a
=
R˙
R +
l(2 + β)α
3
H¯(t)
b˙
b
=
R˙
R +
l(β − 1)α
3
H¯(t)
c˙
c
=
R˙
R −
l(1 + 2β)α
3
H¯(t) , (3.45)
The (isotropic) average Hubble parameter is
R˙
R =
1
3t
[
1 +
σ˜
t
+
(
2δ˜ − σ˜2 +
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
)
1
t2
+O
(
t3P l
t3
)]
(3.46)
and we have also written, to the same order of approximation,
H¯(t) =
1
t
+
σ˜
t2
+
1
2
(
2δ˜ +
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
)
1
t3
. (3.47)
As before, we now put these solutions into Eq. (3.7) for a consistency check. The consis-
tency condition is then found to be
3
(
R˙
R
)2
− α
2l2(β2 + β + 1)
3
{
1
t2
+
2˜σ
t3
+
(
2δ˜ +
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
)
1
t4
+
σ˜2
t4
}
= Λ0 +
2ν˜
ω˜t2
+
4ν˜σ˜
ω˜t3
− ν˜ G0
t4
+
2ν˜
ω˜
(
2δ˜ + σ˜2 +
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
)
1
t4
. (3.48)
Calculating
(
R˙
R
)2
from Eq. (3.46) and comparing the coefficients of the t0 , t−2 , t−4 terms
respectively, we find the equations
Λ0 = 0 , (3.49)
2
(
ν˜
ω˜
)
=
1
3
(
1− α2l2(β2 + β + 1)) , (3.50)
2
3
{
2δ˜ − σ˜
2
2
+
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
}
− l
2α2(β2 + β + 1)
3
{
2δ˜ + σ˜2 +
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
}
= −ν˜G0 + 2ν˜
ω˜
(
2δ˜ + σ˜2 +
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0
)
. (3.51)
Using Eq. (3.50) in Eq. (3.51), we obtain
2
3
(
σ˜2 − δ˜
)
= ν˜G0 +
1
3
(
2ω˜1
ω˜
+
3ν˜1
2ν˜
)
G0 . (3.52)
We note that from consistency condition in Eq. (3.50), we can write l in terms of other
constant β for Ω = 1 ,
l =
1
α
√
1− 6( ν˜
ω˜
)√
(β2 + β + 1)
. (3.53)
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As a˙
a
, b˙
b
and c˙
c
are real, we get the following condition from the above equation
1− 6
(
ν˜
ω˜
)
≥ 0 ⇒ ξ2 ≤ 1
6
ω
ν
. (3.54)
Note that the inequality is saturated for the FLRW case, since from Eq. (3.50) we see that
ν˜
ω˜
= 1
6
when l2(β2 + β + 1) = 0 , which implies that l = 0 since β must be real.
Finally, by putting Eq. (3.53) into Eq. (3.45) we observe that for large β, we get a Kasner
type solution, i.e. there are expanding and contracting directions. For large positive β the
expanding directions would involve the scale factors a, b and contracting direction would
involve c. We further find that the range of β which result in a Kasner type solution change
when we take into account the quantum gravity corrections. Likewise we get a Kasner
solution for some values of negative β as well.
IV. CONCLUSIONS
In this paper, we have studied the anisotropic Bianchi-I cosmological model taking quan-
tum gravitational effects into account. The analysis is valid for late times which correspond
to the perturbative regime of the exact renormalization group flow of the effective aver-
age action for quantum gravity. We used the renormalization group improved cosmological
evolution equation by including the scale dependence of Newton’s constant and the cosmo-
logical constant. We have obtained the solution of G and Λ in power series of the infrared
cutoff scale from the cosmological evolution equation. The scale is chosen in inverse powers
of the cosmological time, so that G and Λ are also related to inverse powers of the cosmo-
logical time. Using the renormalization group flow approach, we analyzed the solutions of
the quantum improved Einstein’s equations and showed how quantum corrected Bianchi-I
metric flows in the presence of a perfect fluid. Moreover, we have extended the solutions
for G and Λ to higher orders in the infrared cutoff scale than that existing in the literature.
From this we have found the solution of the energy density and average scale factor in an
inverse power series of the cosmological time.
Using these solutions for G and Λ, we have then showed how the flow of anisotropic
Bianchi-I cosmology gets affected by quantum gravitational effects for known matter like
the dust, radiation and stiff matter. We have computed the scale factors from Einstein
equations for dust, radiation and stiff matter for Bianchi-I metric. The consistency condi-
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tions following from Einstein equations indicate that the Bianchi-I anisotropic cosmological
universe eventually evolves into a FLRW universe at late times if filled with a perfect fluid
with the equation of state p = Ωρ for 0 < Ω < 1. The scale factors a(t) , b(t) and c(t) take
the same form and expand in the same rate in all directions. For the Ω = 0 case which
corresponds to dust, we find that the Bianchi-I universe does not necessarily flow to the
FLRW isotropic universe. For Ω = 1 which corresponds to stiff matter, we observe from the
consistency conditions that the solution does not flow to the isotropic FLRW universe at
late times. We also calculate a bound on the cutoff parameter ξ and find that the Bianchi-I
universe flows to the isotropic FLRW univese at late times if ξ2 equals its maximum value,
but not otherwise. We also find that there is a possibility of getting a Kasner like solution
in this case.
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